Abstract. In this note we reprove generalized Hölder's inequality in weak Morrey spaces. In particular, we get sharper bounds than those in [2] . The bounds are obtained through the relation of weak Morrey spaces and weak Lebesgue spaces.
INTRODUCTION
Hölder's inequality is one of the classic inequality which is proved by L.J. Rogers in 1888 and reproved by O. Hölder in 1889. Many researchers have obtained new results related to Hölder's inequality. Recently, Ifronika et al. [2] obtained sufficient and necessary conditions for generalized Hölder's inequality in generalized Morrey spaces. Furthermore, they also get similar results for weak Morrey spaces and generalized weak Morrey spaces. In this paper, we present new bounds for generalized Hölder's inequality in weak Morrey spaces which are sharper than those in [2] .
For 1 ≤ p ≤ q < ∞, the weak Morrey space wM p q (R n ) is the set of all measurable functions f : R n → R such that
B=B(a,r),γ>0
Here |B| denotes the Lebesgue measure of open ball B = B(a, r) centered at a with radius r. Note that · wM p q defines a quasinorm on wM
can be rewritten as
, we have the inclusion relation between weak Morrey spaces wM
as stated in the following theorem.
MAIN RESULTS
Let us first state sufficient and necessary conditions for generalized Hölder's inequality in weak Morrey spaces [2] .
m, then the following statements are equivalent:
Now we will refine the statement of Theorem 2.1, particularly the part which states that (i) implies (ii). Precisely, we will replace the bound m with a smaller constant.
Proof. Let f i ∈ wM pi qi for i ∈ {1, 2, . . . , m}, B = B(a, r) ⊆ R n , and θ > 0. Suppose that s 0 = θ and s m = 1. Note that for every s 1 , s 2 , . . . , s m−1 > 0 we have
Consequently, for every y 1 , . . . , y m > 0, we have
By choosing
we get
.
Moreover,
By taking the supremum over all open balls B and θ > 0, we have
Hence, by using Theorem 1.1, we get
, which completes the proof.
Next, we prove that the bound in Theorem 2.2 is in general sharper than that in Theorem 2.1. To do so, we need the following theorem. The equality is attained when x i = x j for every i, j ∈ {1, . . . , m}.
